ABSTRACT. A (commutative) 
INTRODUCTION.
Let R be a ring and m > 2 an integer. (Except in Remark 7.4, rings are assumed to be commutative, with identity.) Following [1] , we say that R is m-linear in case (a + b)m= a m + b m for all a and b in R; that is, in case the power function r I-> r m is a ring endomorphism of R. (In [2] , m-linear domains and fields were studied under the terminology of m-domains and m-fields. The references in [1] cite other algebraic contexts where endomorphic power functions have been studied.) The simplest examples of mlinear rings are the rings of prime characteristic p in case m is a power of p: see the easy proofs involving binomial coefficients in [1] and [2] . In [1, Theorem 5] and [2, Theorem 2.3] , it is shown that this relationship between characteristic and exponent is necessary in a number of cases of m-linearity. However, "exceptional" instances of m-linearity abound:
consider the (Theorem 4.3(a) ) and an additive decomposition involving a canonical reduced subring of an m-linear ring (Theorem 4.5) . In part for this reason, reduced m-linear rings are studied closely (Theorem 4.1, Corollary 4.2) , especially in the finite case (Theorem 5.3). This work builds on an effective characterization of the m-linear fields in Theorem 3.1, which answers a question left open in [2] .
If R is a ring, J(R) denotes the Jacobson radical of R, N(R) denotes the prime radical (set of nilpotent elements) of R, and Rred R/N(R) denotes the associated reduced ring of R. As usual, Fq denotes the finite field of cardinality q. Apart from some familiarity with [2] and [1] , we assume only elementary number theory and standard abstract algebra, as in [3] .
2.
A STRUCTURE THEOREM. In this section, we collect some useful facts and then give a result that reduces the study of m-linearity to the case of prime characteristic. LEMMA 2.1.
If R is m-linear, then n char(R) is nonzero and the following two equivalent conditions hold: (i) k m k (rood n)for each positive integer k; (ii) n is square-free and m 1 (rood p-l) for each prime divisor p of n. (b) (1) n is square-free and m ---1 (mod p-l) for each prime divisor p of n; (2) n Pl Pk for pairwise distinct primes Pi and, for each i, the finite field Fpi is m-linear; (3) Z nZ is m-linear. Moreover, the above conditions imply, but are not implied by, (4) Z/ nZ is reduced. PROOF. (4) is equivalent to the condition that n is square-free. Hence, (1) (4). However, it is easy to see that (4) (1): consider, for instance, m 2, n 3 p.
It is shown in [1, Theorem 2] that (1) = (3) . It is possible to'extract the implication (3) (2) from the proof of Theorem 2.2. However, matters are really simpler. Given either (2) or (3) (1) m ___pi (mod q -1) for some i=1,2 k; (2) There exists i, _ i_ k, such that r m= rP' for each r in Fq" (3) Fq is m-linear. PROOF. (3) = (2) Since z is a (nontrivial) ring-homomorphism of fields, z is injective and so, by the pigeonhole principle, z is surjective; that is z Gal(Fq/Fp). Hence z i, with 1 < < k. Thus rm=z(r)=ri(r)= r pi for each r in Fq.
(2) (1): Assume (2) . Let r be a generator of the (cyclic) multipl.icative group of Fq. The order of r is Fq\{ 0 q-1. But (2) yields rm= rPi, whence r m-p' 1. Hence m-p is divisible by the order of r; that is, (1) holds.
(1) (3) (1) R is reduced and (r + 1)m=r m + for each r in R; (2) R is (isomorphic to) a subring of a direct product of m-linear domains; (3) R is reduced and m-linear.
PROOF. (2) (2): Assume (I). Put T I-I R/P, where P ranges over the set of prime ideals of R. The kernel of the canonical ring-homomorphism R --> T is c P N(R) 0 }, since R is reduced, and so R can be identified with a subring of T. It remains to show, for each P, that the domain R/P is m-linear. We see, as in the proof of Lemma 2.1(c), that R/P inherits from R the property "(a + 1)m= a m + 1 for all a." Hence, by an appeal to [2, (a) R is (isomorphic to) a subring of a direct product of m-linear finite fields of characteristic p. (b) Suppose, in addition, that R is finitely generated as an abelian group. Then R K x... x K t, where each of the finitely many K is an m-linear finite field.
PROOF. (a) View R as a subring of l-l R/P, as in the proof that (1) = (2) in Theorem 4.1. Each R/P is an m-linear domain of characteristic p; since m is not a power of p, [2, Corollary 2.4] assures that R/P is a finite field (of cardinality less than m).
(b) Consider the positive square-free integer p char (R). Now, R is a finitely generated (p-torsion) abelian group, hence finite. In particular, R is an artinian ring, and so each of the (finitely many) prime ideals P of R is maximal. By the Chinese Remainder Theorem, R/r I-l R/P. By the proof of (a), each R/P is an m-linear finite field.
Moreover, R m R/cu P, since cuP N(R) 0 }, completing the proof. (An alternate proof is available, using Wedderburn structure theory, picking up at the point where we noticed that R is finite, hence artinian. Let J(R) be the Jacobson radical of R. Then the semisimpie ring R/J(R) is (isomorphic to) a product of (necessarily m-linear finite) fields. But J(R) N(R) (= 0 }) since R is artinian, whence R--R/J(R (b) Let R be the ring considered in Example 4.6. Then R is a finite nonreduced 2-linear ring; and no integer n > 2 satisfies rn= r for each r in R. THEOREM 5.3. If R is a finite ring, then the following are equivalent: (1) There exists an integer n >_ 2 such that rn= r for each r in R; (2) R is reduced and m-linear for some integer m >_ 2.
PROOF. (1) =o (2) by Proposition 5.1. Conversely, assume (2) . As in the proof of Theorem 4.1, R is (isomorphic to) a subring of Fl R/P, where P ranges over the prime ideals of R. Each of the (finitely many) R/P is a finite domain, hence a field. If R has a unique prime ideal, then R is a finite field and rm= r for each r in R, where m RI. (1) and (2) (b) Keep the notation of (a); in particular, let s > m be as in, (a). By Theorem 3.1, (i, k) (2, 4, 8) , (6, 4, 8) or (3, 4, 
